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We give a holographic realization of the recently proposed low energy effective action describing a 
fractional topological insulator. In particular we verify that the surface of this hypothetical material 
supports a fractional quantum Hall current corresponding to half that of a Laughlin state. 
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Introduction. — The concept of a fractional topological 
insulator (FTI) was recently introduced in pQ. Time re- 
versal (T) invariant topological insulators (TI) have been 
a very active field of recent research [2HI] . The proper- 
ties of a TI can be described at different levels of mi- 
croscopic detail. For non-interacting band insulators in 
3 + 1 dimensions, topological band theory can identify a 
Z 2 topological invariant [SHI]. The relevant low-energy 
dynamics of a generic band insulator can be modeled by a 
single massive Dirac fermion. In a T-invariant theory the 
mass is real and its sign becomes the Z 2 invariant, this is 
the language we find most useful in this work. Integrating 
out the massive fermion yields a topological field theory 
(TFT) 8J. The TFT has a Lagrangian proportional to 
9E ■ B, where 9, which naively vanishes by T-invariance, 
may take the values or 7r after accounting for the proper 
quantization of magnetic flux. The value of 9 is given 
by the phase of the mass of the fermion per the Adler- 
Bell-Jackiw (ABJ) anomaly [5]. Physically, this leads to 
a single massless Dirac cone on the surface between a 
TI and an ordinary insulator (or vacuum). Thus, in an 
electric field the surface supports a Hall current with a 
conductivity corresponding to half that of an integer Hall 
state at filling fraction 1. 

As with the quantum Hall effect, one expects the pic- 
ture to get modified in the presence of interactions. The 
proposal of pQ describes a potential low energy theory 
describing a FTI, that is a state supporting on its sur- 
face a fractional quantum Hall current with effective fill- 
ing fraction l/2m. All one needs to assume is that the 
electron fractionalizes into m partons of charge 1/m (in 
units of the electron charge e) . A statistical "color" gauge 
field is also added so that physical states have an elec- 
tric charge given by an integer multiple of e. From this 
construction the fractional quantum Hall current follows 
immediately via the ABJ anomaly. A question that was 
not completely resolved in pQ is whether the color gauge 
field has to be in a confined or a deconfincd phase. A con- 
fined phase would have the advantage of being completely 
gapped. As emphasized in [TU] such a phase is potentially 
problematic. The authors of [TUJ proved a theorem that 
states that 9 cannot be fractional in a completely gapped 
theory unless the ground state on T 3 is degenerate, which 
differs from the proposal of pQ for a confined theory. The 



basic problem can be seen both at the level of a theory 
with gauge fields and partons as well as for the TFT ob- 
tained after integrating out the fermions. In the TFT, 
flux quantization allows fractional theta as long as one 
accounts for both magnetic and color magnetic fluxes. 
However if the color gauge fields confine, we expect their 
magnetic fluxes to be screened and not to take on quan- 
tized values. So the Dirac quantization argument only 
holds in the deconfined phase. Including the partons, 
the ABJ anomaly of the axial symmetry can be used to 
derive a fractional 9. However, the axial symmetry is 
typically broken dynamically in the confined phase. So 
one should take the color gauge field to be deconfined. 

While the system with deconfined color gauge fields is 
gapless it still describes an insulator. The only charged 
fields, the partons, are gapped. The gauge fields are bet- 
ter thought of as phonons; they contribute to thermo- 
dynamics and mediate interactions between the gapped 
partons. However they do not directly contribute to elec- 
tric transport. Now we need a color theory in a decon- 
fined phase to study. Non- Abelian gauge theories in 3 + 1 
dimensions typically confine with a few charged matter 
fields, but can give deconfined phases with enough ad- 
ditional matter. As long as the extra matter fields are 
electrically neutral, we still describe a gapped spectrum 
of charge carriers interacting via a gapless phonon bath. 
Since these theories are often strongly coupled it is hard 
to establish the phase realized by the gauge theory. In 
this letter we explicitly demonstrate that this model of 
a FTI can be realized via holography [TT1 - H3] . We take 
our phonon bath to be J\f — 4 super Yang-Mills theory 
(SYM) with a large number m of colors at strong 't Hooft 
coupling. In this limit the theory has a dual description 
in terms of type IIB supergravity on AdS$ x S 5 . We add 
electrically charged partons via D7 probe branes [Uj. We 
show that this system realizes a Hall current on an inter- 
face with a Hall conductivity corresponding to the filling 
fraction l/2m, just as predicted in pQ. 

Axial anomaly. — In order to calculate the Hall con- 
ductivity in our system, we review the basic anomaly 
argument of PQ . Take the simplest microscopic model for 
a TI: a complex Dirac fermion ip, its charge conjugate 
ijj = ^7°) and a real action 



£ = ip(id^ - M)ip. 



(1) 



The theory is T-symmetric only if the mass M is real. 
For M = 0, axial rotations are also a symmetry 

if) -> e- l ^ /2 4>. (2) 

In the massive theory they shift the phase of the mass 

M -> e'^M, (3) 

so one can always use the explicitly broken axial symme- 
try to rotate M to be real and positive. 

In an interacting quantum theory this axial rotation is 
often anomalous. For example, consider a Dirac fermion 
transforming in some representation R of a gauge group 
G. Define an index C of the representation via 



Tr R T a T b = CS ab 



(4) 



For the (fundamental + anti-fundamental) representa- 
tion of G — SU(m) this gives C = 1, whereas for a 
charge q (in units of e) representation of G — U(l) we 
get C = q 2 . Now while the classical gauge theory is 
invariant under axial rotations, the quantum theory is 
not. The path integral picks up an extra phase from the 
Jacobian which can written as a shift in the action by 



A£ = Ce 2 ^e^ pa F^FP° 7 

which effectively shifts 9 as 

d-¥d-C<j>. 



(5) 



(6) 



This is the famous ABJ anomaly. After integrating out 
a heavy fermion of mass M and phase <f>, the theory re- 
members (f> as a change in the effective 9 angle. 

For applications to electro-magnetism we choose to 
start with a T-invariant U(l) gauge theory that has no 
9-angle in vacuum. All contributions to 9 come from 
integrating out heavy fermions. The effective 9 after in- 
tegrating a heavy fermion of charge e is either when the 
mass is positive or 7r when the mass is negative. A 4d the- 
ory with a mass that passes through zero corresponds to 
an interface between topologically trivial and non-trivial 
insulators. M(x) having a root guarantees the existence 
of a massless mode localized on the interface. 

To get a FTI, we consider a theory of m partons of 
charge 1/to in units of e. The index C is now 



C = 



(1/m) 2 = 1/m. 



(7) 



If the partons have a negative mass, we generate an ef- 
fective 9 = ir/m, leading to a fractional quantum Hall 
conductance corresponding to the filling fraction 



I 
2^ 



(8) 



on an interface between positive and negative mass re- 
gions. 



This calculation holds for the theory of a single Af = 2 
supersymmetric hypermultiplet interacting with an Af = 
4 SYM phonon bath. Simply vary the hypermultiplet 
mass from real and positive to real and negative. The in- 
terface carries a Hall current corresponding to v = l/2m 
if we assign the partons charge 1/m as above. We find 
it more convenient, for the purpose of counting powers 
of m in the large m limit that underlies our holographic 
calculation, to assign charge 1 to the parton, giving the 
electron a total charge m. The anomaly argument then 
predicts an effective filling fraction 



771 • 1' 



m 
2~' 



(9) 



Note that this still corresponds to the same fractional 
quantum Hall state and is merely a matter of convention. 
Holographic Calculation. — Holographically, tti partons 
in the fundamental representation of SU(m) can be 
added to the Af = 4 SYM phonon bath dual to supergrav- 
ity on AdS§ x S 5 by embedding a D7 brane [H] wrapping 
an S 3 inside the S 5 and extending in all 5 directions of 
AdS§. In addition to minimizing its worldvolume, the 
brane has a Wess-Zumino (WZ) term in its action. This 
couples the E/(l) gauge field on the brane to the form 
fields present in the background, in particular to the 
to units of D3-brane flux that support the background 
geometry. These terms will be crucial in what follows. 
Writing the background metric as 



g = (r 2 + Y 2 )^,! + 



dr 



r 2 dn 2 



dY 2 + Y 2 d<\> 2 



Y 2 



(10) 



The brane embedding is given by functions Y(r),(f)(r). 
For a mass M hypermultiplet, Y — \M\, <j> — arg M is 
an exact solution. For this solution the 3-sphere shrinks 
to zero size at r — and so the brane terminates there, 
above the bottom of AdS. To realize a domain wall we 
want an embedding where M is a real function of one 
of the spatial coordinates, say x, with a root. For every 
function M{x) there is a unique brane embedding Y(r, x). 
Being due to an anomaly, the Hall current entirely 
comes from the WZ term in the probe brane action. Us- 
ing the conventions of [15] we have 

S wz = - l -{2Ka') 2 T 7 J AAFAG 5 , 



G 5 = 2n 2 w T z m, T 3 T 7 



1 



S 5 ^(2^)4(2^)6' 

2k 2 =. 9 2 (2^) 3 (2W) 4 (11) 

The D7 brane worldvolume can be parametrized with the 
coordinates t, y, z along the interface, the angles on the 
wrapped 3-sphere, </>, and a new coordinate 9 defined by 
9 = arctan Y/r. These last five coordinates describe the 
5-sphere by 

dflj = d9 2 + cos 2 9dflj + sin 2 9d<j) 2 , (12) 




FIG. 1: We plot a numerically generated brane embedding dual to an interface between a trivial insulator and a FTI. The 
mass profile in the field theory is roughly a step function at x = with a height Mo. The D7 brane intersects the D3 branes 
(indicated by the thick black line at p — y = 0) at the interface there. 



so that the WZ term then simply becomes 



Swz — — 



T 7 {2Tra'f 



(A A F) tyz 



G: 



S 5 



A<j) 
~2n~ 



(13) 



where the A A F term only includes components along 
the t, y, and z directions and where in the last factor we 
used that the fraction of the full S 5 wrapped by the D7 is 
A0/27T. We define A<fi to be the range of <\> realized over 
the embedding. For a T-invariant FTI we have A<\> = n, 



but the expression is valid for any A<j>. Using Eq. (Ill we 
see that there is a net induced Chern-Simons (CS) term 



S 



wz 



m A(f> 
An 2ir 



(A A F) tyz 



(14) 



For a T-invariant embedding where <j) changes discontin- 
uously at some Xq, the CS term is localized at Xq. As 
in [T5] , it corresponds to a half-integer CS term of level 



k = m/2 



(15) 



inducing a Hall current with v = m/2 as predicted from 
the anomaly argument. In fact, close to the zero crossing 
we can think of our D7 as intersecting the D3 orthog- 
onally, as already pointed out in [IB]. In this case our 
brane embedding actually becomes identical to the one 
in [15]. While the latter is unstable and requires a UV 
completion to make sense of the condensed phase, in our 
case the single fundamental Dirac cone on the interface 
is protected by the topology of the 4d bulk FTI. 

Example. — We showed that, independent of the details 
of the embedding, the Hall current takes on the correct 
quantized value just determined by the change in phase 
of the mass. It would be desirable to at least construct 
one such embedding. Unlike most brane embeddings con- 
sidered in the literature, one complication here is that we 



need to solve a partial differential equation in two vari- 
ables, x and r. In particular, we consider embeddings 
that interpolate between the masses —Mq and Mq. We 
also account for the phase 4> by letting Y be negative for 
4> = 7r and positive for = 0. Thus for x — > ±oo, Y 
approaches ±Mq. Moreover the curve Y(oo,x) maps to 
M(x) in the field theory and can be chosen freely. The 
Lagrangian for the brane is 



C = r 3 y/1 + (drY) 2 + (r 2 + Y 2 )~ 2 {d x Yf 



(16) 



Notably, this Lagrangian exhibits a scaling symmetry un- 
der which Y,r — > £Y, £r and x — > x/£. 

We solve the corresponding equation of motion with 
two different methods. First, we construct an analytic 
solution for a particular M(x) in a series expansion with 
the interface at x = 0. We also choose to study anti- 
symmetric solutions about the interface. Since at large 
enough r the linearized equation for Y is accurate, our 
solutions will be indexed with a single parameter M that 
scales as M n — > £,M . The scaling symmetry then sug- 
gests an ansatz Y(r, x) = M^f^xr). Indeed an /o exists 
so that this ansatz solves the equation of motion for Y 
to O(Mq), with a full solution of the form 



Y(x,r)=M J2(M x) 2n fn(i 



(17) 



B=0 



The first term in the series is 



Y{x,r) = -^= + 0(M*x*). (18) 

\/l + {xr) z 

This solution is accurate for M x <§C 1 and r 3> M ; away 
from these limits the higher order terms compare to the 
leading one. Near the defect, the mass profile is then a 
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FIG. 2: We compare the numerical embedding in Fig. [T] 
(solid) with the series solution Eq. 18 (dashed) at three values 
of x. The dark lines indicate x — 2 /Mo, the gray lines x = 
4/3Mo, and the light lines x — 2/3Mo. The solutions agree 
down tor~ 5Mq. 



step function, M{x) = sign(x)M + 0{M^x 2 ). This em- 
bedding also encodes the value of the chiral condensate 
c = (i/jiJj) + . . . in the field theory; terms not explicitly 
displayed contain the superpartners of ip. From dimen- 
sional analysis alone, the condensate (which has to vanish 
as M vanishes) can be written as 



c(x) = sign(x) 



M, 



n=0 



l (M x) 



2ii 



(19) 



Indeed, the condensate can be measured from the r 2 
coefficient of the embedding at large r, giving c(x) = 
sign(x)M /4x 2 + Q(M$x 2 ). 



Not only does the series solution Eq. (17) fail at small 
r, but none of its terms satisfy the correct small— r 
boundary condition. This is that the brane ends 
smoothly at r = 0, which implies that d r Y(0, x) = 0. 
For Y(0, x) nonzero, this implies that at small r the em- 
bedding is Y(x, r) ~ Y (x) + Y 2 (x)r 2 + . . .. When Y (x) 
has a root, as our solutions do, there is a non-analyticity 
in the solution at the root and r = 0. In lieu of this 
difficulty, we also obtain an embedding numerically. 

We do so by employing a heat method. The minimal 
area action ensures that if we take the "time" deriva- 
tive of a field configuration Y to be proportional to the 
variation of the action, it will quickly settle to a cor- 



rect solution. We choose to find a numerical completion 
to our series solution, and so we impose the boundary 
condition that it matches the leading term of the series 
Eq. (17) at a large r c ^> M . The profile here is almost 



a step function. We also impose that the embedding is 
constant at large x c 3> 1/Mq as well as the smoothness 
condition at r = 0. The resulting solution will be dual 
to the theory with a mass M(x) that is close to a step 
function. 

We generated a solution with the parameters r c — 
20M and x c = 4/M . We plot a portion of it in Fig. [l] 
At large r the profile approximates a step function and at 
small r the embedding has a single root at the interface, 
asymptoting to the constant embedding far away from 
the interface over a distance of roughly 1/Mq. Also, we 



compare this embedding with the series solution Eq. ( 18 ) 
at several values of x in Fig. (pi). 
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